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Achiev ing Fractional-ppm Ratio Precision 
with Two-Stage Transformers - 
Far tlre p t ~ ~ ' - p u ~ ~ o  of prot;ic/ing precise rnf !US, not 71 ing hns yrt  ~.z.ccci/c(/ 
t Jlc prccidnn of iJtr rntio t r n ~ s f n r ~ n e r .  in ~ C J I ~ C I I  f Jte n trr~ll?er .of ttrrns ~cnlr~ lc l  

opt (E  ,core is n/~soJrrfcl!! intinrictn t ~ t i f J r  respert fo ~ t l  l t l o s t  ~ t ; ~ r ! y f J t i n g  d ~ c ~ i  of E I C S ~  I ' I I G ~ ~ C I H  

of fJtr. clcricc. H O I L - C I ? P ~ ,  rnfir, tr-nn.~jnl-~nela EIW srrl~jccf to  rrrwlx t h n t  cnn IIV 
redricccf. I)!! nlenl1,sr of I ~ c n - r n ~ ~ ~  t r u n a f o r ~ ~ ~ ~ r  circtrifs. to fcncilifnfe 
AC c o ~ ~ t p r i ~ ~ m . ~  fn o t ~ ~ - ~ ~ u r f - i ~ ~ -  10" ~ ~ r e i - i s i m ~ .  
BY HENRY P. HALL, GENERAL RADIO COMPANY 

expressions presented below are erarid fnr either voltase or 
A r l v a n c e r  in 108-ireqoenq AC measurement tech- ruirenr ratios i t  any flux lereel. Paslive null nerrurlir am- 

niquef ~!uring the past two decades have made part-per- raining transformers can be used wr t t ~  inp~t t  ( sn~rce  ) and 
million cumprisnns of voltage, current, and impedance ourpur t clerectnr in t c r rhangd  ( (wllich colnber:s v~>Irage 
commnnplacct. This order nf precision depends largely LlFon ratio? into cllrrent ratios, and vice versa ) ,  as a long as core 
rhr. accuracy and stability of ratin transformers. Al thtruph saturation is avoided. They are usually designed, tlowever. t c ~  
cnglnecrs regard tr:tnsf:lrmers as cruclc, n t l n - l h ~ r ,  k y .  provide npt imum performance with a sper ihc connection. 
Frcqucncy -dependen r devices thar are unstable wirh respect 
rcl cernperatllre snd qht~k-as, indeed. they are-nonetheless, Two-Winding EW"Jvalent circuits 
properly designed rsansformers can establish more precise A passive three-terminal nerrvork can be represented as an 
volragc nr  current raricrs rhan an): other known dev~ce. equivalent T network. A useful T-network represenration clf 

Recently. the precisron realized in  AC conlpaiisons has fxr a rransforriler is presented In Fig. 2. Thc KWn windings have 
excccdcd I ppm, and may wen be as ?reat as one part in a cctmrnon connection; however, an ideal I : 1 transformer 
1(>!'. Such precision 11s been made pclsstble. in  large part, by can be added if winding isolntion is desired. TWI sets of 
the use n f  two-core rranqformer c i r n ~ i t ~ o r n m o n l y  re- signs are given for the impedances. The upper sct applies t i ,  

f e r r d  tc, h s  "mwo-stage" transfnrmcrs. W'C shall d~scuss three the non-inverting connertlnn, and the lower tn the invert~np 
such clrculr, here. However. before one can appreciate them cnnnection. I n  this circuit Z,? is the m u n ~ a l  impedance, 
fully. ir 1s necessary tn underrtand r l ~ e  sources of error in rhe EL' 1 1  . ( Wnre that, by reeiprociq*, %, , = 2, , ) Z,  , 15 the 
c l~rres lx~ni l  ing connecriclns of a qirnple, single-core rrans- "sloppy" parameter of a rransformer, that varies widely rvrt11 
former. Rdr>rwn~cr, w rvaluate the errors in "rwo-stage" level, frequency, a d  almost everyrhlng else. It is shown as a 
circtl~ ts, i t  7s necessary tn develop a systematic rncrhnd of murual inductance. and a parallel resiscance represenring 
han~llrnji rn~r l r i -winJ in~  rransfnrrners a1gebralcallv. core loss. While a series cumbinar~on ir sr~rnerimcs msier tn 

use ( rile series values can be obtained hy a para1 IF!-rr)-series 
Single-Core Transformer Connections cnnversion ) , the p r a l l d  arrangement approximates more 

[he Inany possible ways in nhlch rransfflrmws can be closely rhe actual physical behavlor of an iron-core device. 
ctmnectrd. the three csnfi,~trrarir?ns that are of the mnst N, and N, reprerent exacr nurnhei-5 of turns, and are. 
ilnporrance fnr precision rnasuremenrs are shon~n in Fig. 1. therefore, whole numbers rhat remain absolutely consrant 
The first ( l a  i prnvldes isolarion. a precise rario between ( ~lnless turns are acded or rernnved 1. 1Ve can arb.rmr~ly set 
primary and wcnndary, and inversinn-if desired. Among N, and N2 to exact nurnbers, because anlv three cluanritiss 
sclrne of it5 partlcihar application.; are provision (I! the are requirad to describe nenvork of Frg ? a parric~l- 
"hr,nrstrap" voltage tised ~n rarro dererminations I]. injec- 13, ~ c ~ c l ,  f rcquenq,  ctc. j .  We llave fivc--zl .,, El , z 2 ,  N, , 
rion of hnlancin~ voltnge~ in null circuits 11, 11, and lead- and N,-and rl~us have tnro to play qbirh. Each a r n  incltldm 
impedance cornpensatinn tn four-terminal brrdpes 15.41. an impedance that is a funcrion o f  the muti~al impeclanre, 
The s ~ o ~ i d  ( I h ) is a step-down au tr~transforrner or trans- mi~IripIied by functions of the numbers c~f rurns. The ratirl of 

fnrnxr divider. I r  is usecf to provide a precise vol rage ratio, fhesc twr, impdances is exact, and the of inductance 
C., L.. o r  ro prcwide rrr-o arrns of an impedance bridge [I; ,  to resisrance I S  rhc saInc in horh. 
7[ thar recluises an accurate ratio nf El E 2 .  Nnte rhat the By definition, the "leakage" nr "winding" impedancer. z l  
n.indin,cs ;ire ~~icling. and z,, are those addirional impedances rhat arc required in 

The  third connection ( 1 c ) uses three windin~s .  but usual- 
Iy only the rarir, I ! ,  I:', must be  precise. V(lir~ges El  and E 2  
may clrlre impedances Z 1  and 7, in a cnlnparisnn bridge. 
This circuit is co~nnionl:, i 1 5 d  for high-impdance mmure- 
menrs lh, 91. 

Althnugh we sliall discuss voltage ratios. we could discuss 
current ratio5 just as well Since a linear passive nemnrk is  
rcciprrKal. the open-circuit vnltase rntir) in nne direction is 
equal t o  tlrc short-circuit current ratio in the other. (That  is, 
fivr inputs El  and 1,. sespect~vr.ly, En<,,. El = I l  st- 1. 
I3ecaiise transfc~rn-ters are non-Iinear. the numerical value of 
these ratlor depend'; upon the ilux Ievel, which i s  usually 
verv Inn. in  shorted rransformem. However, the algebraic 

Editor's Note: 
Alfl>oucli the Ilirorc.ticnl ratio csti~l~lisl>crl 11y 11 ratin tr:lns- 

forrncr ir  ~,rccisrbly rlr.trrmit>t=rl I>y tllr. (ir~tcgr;~ll I ! I I ~ I ~ H , ~  t l f  

lrrms that r-nc.11 nf its winrling> n m k  ::~rn~lntl i tc  ctua.(s), in .I 

pritrt icnl sr%ilsr i t  is <l~l)icrt t c ~  r rrnrs tllnt ;lriuc ht.c;i~~sc of 
winrling rt-sist;~ncr. lmkac~. inclrlck~nc~*, rt'. 'l+r;~nsfc~rmvrs 
r.mplnyiny. two ~ r p a m t r  rnrtLc ("two-sti~gcb" tr;~nsSr>r~nc#rul Il:lvr' 
'Iwr-TI rlrvisl.tl to rnEnrnii7i. winr of tF1c.5r- errors for wricllrs 
:~pplic.;~tions. I n  this nrtivlr. Il r. t Inll prrb~rn 1.: :i Iotrir-ill r b -  
v t - lnpn~~r~t  nf tllr ti.r.hnirl~~c~ tY1;1t llavr hr:rrl ~lsrt l  tn rc.rliir.c 
r;itir~-2raiisforinr.r c.rror\, ant1 r~,;ilu;~tcs thr. vrrrlr.: Fltr :T Iillrn- 

Iwr circwit cmnfiq~.ir;~tic~n>, 
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Flg. 1. The three most important transformer configurations lor preclsion 
measurement appllcat~on: (a )  sEmple transformer, that provides isolat~on, 
precise ratio, and l n v e r s r o r t i f  deslred: (bl step down autotransformer, or 
transformer divider, that provldes precise ratlo: (c )  three-wlnd~ng transfbrmer 
that prov~des preclse E,/E., ratra, and rs commonly used tor hrgh-rmpedarlce 
measurements 

€ 1  - 

NON- INVERTING 
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FIE. 2. Useful equivalent T n ~ t w o r k  for a transformer. tn e v a l u a t i n ~  imps- 
dances, the upper set o f  slEns apply to the non-lnvertrclg connectlon, and the 
lower set to tho ~nvert icg connectlon. 

series ro form one winding. By means of such precautions. in 
addition to the use of h~gh-permmhility cores, 1 : I  ratios 
within 0.1 ppm at o p t i m u ~ n  freqiiencv are not difficult to 
reaIize, and 10: 1 ratio accuraq can be almost as gmd. 

Figure Ic shonrs a three-winding circuit, for which an 
exact solurion requires the multi-winding theory chat fnl- 
Ioubs. However, in this relative!!. simple case i t  is evident 
char [he open-circulc ratio, F ,  E2,  is simply the ratio of the 
mutual impedances of windings N1 and N2 to the input 
winding, N:<. Thi s  sario is independent of rF~e secondary- 
winding impedances. A perfect sario would result if both 
output windings were Iinked by the same flux. Therefore, 
rhe symmetry of the windings and the magnetic field is she 
llmi t ~ n g  facror, and extremely accurate open-circuir racios, 
approaching 0.00 1 ppm, are possible. 

AItho~igh the impedance of the ourput windings does nor  
affect the open-circuit ratio, in the bridge circu~t (shown 
dashed r , che outpur impedance of each wrnding is in series 
with one of the impedances being compared. These output 
impedances are the leakage impedances of the orltput wind- 
ings with respect to && other ( zl  ? and z2 ) .  

The Three-Winding Transformer 
Sincc a threc-w ind ing transformer is a passive, three-porr 

network, we can write the equatrons 

Due ro reciprocity: 
Z r 2  = Zfi;Z,, =Z:,,; andZ,:, = Z,? ( a t  the same 
level. freouencv. etc. ) . 

m I l i  

Moreover, each pair of windings can be considered as a 
two-winding transformer, so that the equivalent circuit of 
Fig. 2 applies Therefore, the input impedance, Zl  !, can be 
written in either of two ways, depending i~pon w h ~ c h  orher 
winding is considered as rhe outptlr winding. 

NIX13 Z , ,  = z , ,  + - 
N, 

In equation (8 ) ,  the leakage impedances have been given 
two subscripts. This notarion is taken to mean that, in 

.% general, q,,, is the leakage of winding j with respect to 

J Tvinding'b. Thus, winding 2 has two values cf Icakage 
lrnpdance zl and zI :, . The  real parts of these impedances, 
r1 and r ,  :,. are very nearly equal because both are very 
nearly the resistance of the .rame piece of wire. However, 
and 1, ,  may be qujre different. lf windings 1 and 2 were a 
misted pair on a long rod, with winding 3 located some 
d~stance away, it is easy rr, see that 2 woiiId be much 
smaller than 1, :,. Even when a toroidal core is used, there 
will be some difference between the two quantitle-par- 
ticltlarly if the winclings are on different layers or on differ- 
ent s e ~ r i ~ n s  of rhe core. 

Likewise, rhe opn-circuir impedances of the other m n  
windings can each he expressed in tufa wavs: 
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The Gibbings clrrulr, bigE- 7. prodllces many errur terms, 
of which onl!. t t ~ c  principal ones are shnwn here: 

he w ~ n d i  
I b: nnri 
3e series-i 

zsror, ho\ 
ch more 
IF when rx 

The apcn-circnlit error is nor improved, and includes an  
addiricmal term rhat is  a function of the added transformer"~ 
balance. TIlc series-impedance r &,ever, is grearly 
reduced. making rhis circuic mu quitable for low- 
impedance comparisnns. AIttloug KO lmds arc used 
rn connect Z ,  to windings R and h separatellr, rheir imped- 
nnccs arZJ ro z,,,, z:,, . and z,,, , nonetheless they introduce only 
a \.cry small error. Thus. wirh the addition of a "yoke" 
rransfornmr ( as slil>\ten in Fig. 7 ) to reduce the error 
contributed hy other Imcls mllnecring Z,  , rhis circuit func- 
tions as a gtml four-terminal bridge ( 1  11. 

I t  has been shown rhat the aJditinn of a second trans- 
For~ner, c,r a second core and addbt~onal windings, can inl- 
prr r i  e tastly rhc characteristics of three basic transformer 
connections. I t  can: 

reduce t h e  effect ivc ilnpedancc of one windinx of the 
isolat~ng transfornies shown In Fig. la: 

* red11ce t np-i1npm4anc.e error in che divider 
shr~wn i n  Fig. 

* retluce tl mpedance error of the bridge shown 
in Fig. Ic.  

However, t h e  addition of a second transformer can never 
improve a ratm accilracs beyond the abilitj' of twu w~ndings. 
to be linker/ hv rile Fame Hi~x. The open-circuit mtio of rlre 
simple clrcuir of Fig. Ic i s  j u s t  as yt)ckl as the ratio of any 
rwo-srapc de~.icr.  This ratio is cletertnind onl! hy core 
ycrlnenhility, and by core and winding symmetry. 

I I ~ h o i i l ~ l  : ~ I S O  be nnced rhnt two-sta,ce devices cannot 
incrcase power eficiency by rerlucinp winding resistance o r  
cnre 113.55. T~ILIS, power enginrers are ~ntereste~l in them only 
as lncasurement devices. 
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