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Achieving Fractional-ppm Ratio Precision
with Two-Stage Transformers

For the purpose of providing precise ratios, nothing has yet exceeded

the precision of the ratio transformer, in which the number of turns wound

on a core is absolutely invariant with respect to almost everything short of destruction
of the device. However, ratio transformers are subject to errors that can be

reduced, by means of two-core transformer circuits, to facilitate

AC comparisons to one-part-in-10° precision.

BY HENRY P. HALL, GENERAL RADIO COMPANY

Advances in low-frequency AC measurement tech-
niques during the past two decades have made part-per-
million comparisons of voltage, current, and impedance
commonplace. This order of precision depends largely upon
the accuracy and stability of ratio transformers. Although
engineers regard transformers as crude, non-linear, lossy,
frequency-dependent devices thar are unstable with respect
to temperature and shock—as, indeed, they are—nonetheless,
properly designed transformers can establish more precise
voltage or current ratios than any other known device.

Recently, the precision realized in AC comparisons has far
exceeded | ppm, and may even be as great as one part in
10%. Such precision has been made possible, in large part, by
the use of two-core transformer circuits—commonly re-
ferred to as "two-stage” transformers, We shall discuss three
such circuits here. However, before one can appreciate them
fully, it is necessary to understand the sources of error in the
corresponding connections of a simple, single-core trans-
former. Moreover, to evaluate the errors in "two-stage”
circuits, it is necessary to develop a systematic method of
handling multi-winding transformers algebraically.

Single-Core Transformer Connections

Of the many possible ways in which transformars can be
connected, the three configurations that are of the most
importance for precision measurements are shown in Fig. 1.
The first (1a) provides isolation, a precise ratio berween
primary and secondary, and inversion—if desired. Among
some of its particular applications are provision of the
"bootstrap” voltage used in ratio determinacions [1], injec-
tion of balancing voltages in null circuits [1, 2], and lead-
impedance compensation in four-terminal bridges [3, 4].

The second (1b) is a step-down autotransformer or trans-
former divider. It is used to provide a precise voltage ratio,
E, (E., or to provide two arms of an impedance bridge [6,
7] thar requires an accurate ratio of Eq/Es. Note that the
windings are aiding.

The third connection ( 1¢) uses three windings, but usual-
ly only the ratio E, /Es must be precise. Voltages Ey and Es
may drive impedances Z; and Z. in a comparison bridge,
This circuir is commonly used for high-impedance measure-
ments [6, 8].

Although we shall discuss voltage ratios, we could discuss
currenr ratios just as well, Since a linear passive network is
reciprocal, the open-circuit voltage ratio in one direction is
equal to the short-circuir current ratio in the other. (That is,
for inputs E; and I., respectively, Eope/Ey = Lise/ls).
Because transformers are non-linear, the numerical value of
these ratios depends upon the flux level, which is usually
very low in shorted transformers. However, the algebraic
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expressions presented below are valid for either voltage or
current ratios at any flux level, Passive null networks con-
taining transformers can be used with input (source) and
outpur (detector) interchanged (which converss voltage
ratios into current ratios, and vice versa), as a long as core
saturation is avoided. They are usually designed, however, to
provide optimum performance with a specific connection.

Two-Winding Equivalent Circuits

A passive three-terminal network can be represented as an
equivalent T network. A useful T-network representation of
a transformer is presented in Fig. 2. The two windings have
a common connection; however, an ideal 1:1 rransformer
can be added if winding isolation is desired. Two sets of
signs are given for the impedances. The upper set applies to
the non-inverting connection, and the lower to the inverting
connection, In this circuit Z;» is the mutual impedance,
Es /1;. (Note that, by reciprocity, Z10 = Zs1.) Z,4 is the
“sloppy” parameter of a transformer, that varies widely with
level, frequency, and almost everything else. It is shown as a
mutual inductance, and a parallel resistance representing
core loss. While a series combination is sometimes easier to
use (the series values can be obrained by a parallel-ro-series
conversion ), the parallel arrangement approximates more
closely the actual physical behavior of an iron-core device.

N; and N represent exacc numbers of turns, and are,
therefore, whole numbers that remain absolutely constant
(unless turns are added or removed ). We can arbitrarily set
N, and Ny to exact numbers, because only three quantities
are required to describe the network of Fig. 2 (ar a particu-
lar level, frequency, etc.). We have five—Z, s, 21, 2o, Ny,
and Ny—and thus have two to play with. Each arm includes
an impedance that is a function of the mutual impedance,
multiplied by functions of the numbers of turns. The ratio of
these two impedances is exact, and the ratio of inductance
to resistance is the same in both.

By definition, the "leakage” or "winding" impedances, z;
and zu, are those additional impedances that are required in

Editor's Note:

Although the theoretical ratio established by a ratio trans-
former is precisely determined by the (integral) number of
turns that each of its windings make around its core(s), in a
practical sense it is subject to errors that arise because of
winding resistance, leakage inductance, ete, Transformers
employing two separate cores (“two-stage” transformers) have’
bheen devised to minimize some of these errors for various
applications. In this article, Mr. Hall presents a logical de-
velopment of the technigues that have been used to reduce |
ratio-transformer errors, and evaluates the errors for a num-
ber of circuit configurations.
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Fig. 1. The three most important transformer configurations for precision
measurement application: (a) simple transformer, that provides isolation,
precise ratio, and inversion—if desired; (b) step-down autotransformer, or
transformer divider, that provides precise ratio; (c) three-winding transformer
that provides precise E,/E,, ratio, and is commonly used for high-impedance
measurements.
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| Fig. 2. Useful equivalent T network for a transformer. In evaluating impe-
dances, the upper set of signs apply to the non-inverting connection, and the
lower set to the inverting connection.
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series to form one winding. By means of such precautions, in
addition to the use of high-permeability cores, 1:1 ratios
within 0.1 ppm at optimum frequency are not difficult to
realize, and 10:1 ratio accuracy can be almost as good.

Figure lc shows a three-winding circuir, for which an
exact solution requires the multi-winding theory that fol-
lows. However, in this relatively simple case it is evident
thar the open-circuit ratio, Ey /E», is simply the ratio of the
mutual impedances of windings Ny and Ny to the input
winding, Ny. This ratio is independent of the secondary-
winding impedances. A perfect ratio would resule if both
output windings were linked by the same flux. Therefore,
the symmetry of the windings and the magneric field is the
limiting factor, and extremely accurate open-circuic ratios,
approaching 0.001 ppm, are possible.

Although the impedance of the output windings does not
affect the open-circuit ratio, in the bridge circuit (shown
dashed ), the ourput impedance of each winding is in series
with one of the impedances being compared. These output
impedances are the leakage impedances of the output wind-
ings with respect to each other (2,5 and 224 ).

The Three-Winding Transformer

Since a three-winding transformer is a passive, three-port
network, we can write the equations

EBi=tlZir o lZes ol (5)
By = Z IS5 A T2 (6)
E3=11231 +12232+IBZ33 {7}

Due to reciprocity:
Zi1o = Z91;Z13 = Zyq;a0d Zoy = Zao (at the same
level, frequency, etc.).

Moreover, each pair of windings can be considered as a
two-winding transformer, so that the equivalent circuit of
Fig. 2 applies. Therefore, the input impedance, Z ¢, can be
written in either of two ways, depending upon which other
winding is considered as the output winding.

N,Z
T 1212
11 1'+—N2
(8)
N,Z
or 2‘?“:-'-'13"’#‘E

In equation (8), the leakage impedances have been given
two subscripts. This notation is taken to mean that, in
general, #;, is the leakage of winding j with respect to
winding Y4, Thus, winding 1 has two values of leakage
impedance z; » and z; 3. The real parts of these impedances,
r1o and ryg, are very nearly equal because both are very
nearly the resistance of the same piece of wire. However, [y 2
and /;; may be quite different. If windings 1 and 2 were a
twisted pair on a long rod, with winding 3 located some
distance away, it is easy to see that /;» would be much
smaller than /;4. Even when a toroidal core is used, there
will be some difference between the two quantities—par-
ticularly if the windings are on different layers or on differ-
ent sections of the core.

Likewise, the open-circuit impedances of the other two
windings can each be expressed in two ways:

N,Z,,
Zon ="z Eodfedz
22 21 N]
- s M &
L2 =23 N3
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The Gibbings circuit, Fig. 7, produces many error terms,
of which only the principal ones are shown here:
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The open-circuir error is not improved, and includes an
additional term that is a function of the added transformer's
balance. The series-impedance error, however, is greatdy
reduced, making this circuit much more suitable for low-
impedance comparisons. Although when two leads are used
to connect Z, to windings 4 and b separately, their imped-
ances add to z., Z,., and z;,, nonetheless they introduce only
a very small error. Thus, with the addition of a "yoke”
transformer (as shown in Fig. 7) to reduce the error
contributed by other leads connecting Z, this circuit func-
tions as a good four-terminal bridge [11].

It has been shown that the addition of a second trans-
former, or a second core and additional windings, can im-
prove vastly the characteristics of three basic transformer
connecrions. It can:

® reduce the effective impedance of one winding of the
isolating transformer shown in Fig. la; .

® reduce the winding-impedance error in the divider
shown in Fig. 1b; and

® reduce the series-impedance error of the bridge shown
in Fig. lc.

However, the addition of a second transformer can never
improve a rario accuracy beyond the ability of two windings
to be linked by the same flux. The open-circuit ratio of the
simple circuic of Fig. Ic is just as good as the ratio of any
two-stage device. This ratio is determined only by core
permeability, and by core and winding symmetry.

It should also be noted that two-stage devices cannot
increase power efficiency by reducing winding resistance or
core loss. Thus, power engineers are interested in them only
as measurement devices.
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